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Is simultaneous y and ξ–scaling in the quasi-elastic region accidental?
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We study the y and ξ–scaling of the nuclear response at large momentum transfer in order to
understand how scaling based on very different descriptions of the elementary interaction can occur
simultaneously. We find that the approximate validity of ξ-scaling at low energy loss arises from
the coincidental behavior of the quasielastic and deep inelastic cross sections.
I. INTRODUCTION
Scaling occurs in several fields where a probe scatters
incoherently from a composite system: quasi-elastic scat-
tering of electrons from nucleons bound in nuclei [1], deep
inelastic scattering (DIS) of leptons from quarks bound
in nucleons [2], scattering of thermal neutrons from indi-
vidual atoms in liquids such as L4He [3, 4], and Comp-
ton scattering from atoms [5], to name a few. These
inclusive scattering cross sections a priori are functions
of two independent variables, the momentum transfer q
and the energy transfer ν. The scattering is said to scale
if the cross sections, after removal (by division) of the ele-
mentary probe-constituent cross section and a kinematic
factor determined by the elastic scattering kinematics,
become a function of a single variable z = z(q, ν) rather
than q and ν separately [6]. The observation of scaling
(and of scaling violations) provides a better understand-
ing of both the reaction mechanism and the structure of
the system in which the constituent is bound.
Quasi-elastic electron-nucleus scattering shows a scal-
ing behavior once the inclusive scattering cross sections
are divided by the elastic electron-nucleon cross section
and a kinematic factor connecting the scaling variable
and energy and momentum transfer. The correspond-
ing scaling variable y ≡ −q + (ν2 + 2mν)1/2 is obtained
from energy/momentum conservation for elastic scatter-
ing from an initially off–shell nucleon, and the scaling
function F (y) represents the probability to find nucleons
in the nucleus with the minimum momentum y allowed
by the kinematics. The minimum momentum, y, is par-
allel to ~q.
Scaling of the nucleon structure functions, MW1 and
νW2, in DIS is revealed after division of the inclusive
cross section by the Mott cross section (describing the Q2
dependence of point-like scattering). The scaling variable
in DIS, x = Q2/2mν, (Q is the four-momentum transfer)
is the struck parton’s fraction of the nucleon momentum
in the infinite momentum frame. The scaling function
νW2 allows access to the quark distribution functions.
The Nachtmann variable [7] ξ = (q− ν)/m (other equiv-
alent expressions are customary in the literature) is often
used to extend DIS scaling to lower momentum transfers.
In the kinematical regions dominated by quasi-elastic
scattering and DIS, scaling is observed in y and x (or
ξ), respectively. Deviations from ideal scaling in quasi-
elastic scattering are due to the effects of the final-state
interaction (FSI) of the recoiling nucleon, and the impor-
tance of large removal energies E in the nuclear spectral
function S(k,E) [6]. For DIS, scaling violations mainly
arise from the evolution of the structure functions with
Q2 and are well understood within perturbative QCD [8].
When neglecting FSI, νW2 provides information on the
quark distribution functions [9]. ξ, for a mass-zero con-
stituent initially off-shell, is its momentum component
parallel to ~q, in units of the nucleon mass m.
ξ–scaling Recent work on ξ-scaling has been focused
on exploring both resonance region and the DIS region.
It has been found that the response averaged over the
resonances defines the same scaling function as derived
from DIS at very large momentum transfer and evolved
to Q2 appropriate for the resonances [10, 11]. This ob-
servation, first revealed observed some years ago, and
referred to as “duality” [12], is only partly understood.
The extension of such studies to very low energy loss,
the region of the quasi-elastic peak in nuclei at y < 0
or x > 1, showed [13] that ξ-scaling apparently works
even where the dynamics of probe-constituent scattering
(quasi-elastic scattering from a nucleon) is very different
from the one used in ξ-scaling.
The observation of ξ-scaling in the region of the low-ν
side of the quasi-elastic peak certainly is puzzling. y-
scaling in this region is dependent on the use of elas-
tic electron-nucleon kinematics for the scattering pro-
cess, which is quite different for DIS as the former in-
volves a dependence on the finite nucleon mass (at the
q’s of interest here). As importantly, the elementary
probe-constituent cross section momentum dependences
are quite dissimilar. In ξ-scaling the Mott cross sec-
tion carries all the Q2 dependence while for y-scaling the
electron–nucleon cross sections depend on the nucleon
elastic form factors which carry an additional strong Q2
dependence.
Benhar and Liuti [14] already have noted this puzzle
and suggested an explanation. For quasi-elastic scatter-
ing at moderately large q the FSI of the recoiling nucleon
still plays an important role [15]. This FSI leads to a vi-
olation of y-scaling. Benhar and Liuti showed that, for
the inclusive cross sections then available, the Q2 depen-
dences of the FSI and of the relationship between ξ and
2y could combine such that there would be, accidentally,
an approximate scaling in terms of ξ.
An experiment (E89-008) performed at Jefferson Lab
provided a much a more extensive set of data[16] on
quasi-elastic electron-nucleus scattering. This data ex-
tends to much larger momentum transfers and, for a
given y or ξ, covers a larger range in Q2. These data
revealed, as expected, y-scaling on the low-ν side of the
quasi-elastic peak. Surprisingly it also displayed an ap-
proximate scaling in terms of ξ which, at the largest q,
extends to rather low values of ν. The authors of [16]
pointed out that over this larger range of q the expla-
nation for scaling in terms of in ξ provided by Benhar
and Liuti could no longer be valid; at large Q2 the FSI
decreases, while the elementary cross sections and the
kinematics describing the reaction for ξ and y scaling re-
main disparate. The simultaneous scaling in y and ξ thus
remains a puzzle, and it is not clear whether ξ scaling
in the quasi-elastic region occurs due to some accidental
convergence of factors or whether it has a deeper mean-
ing.
In this Letter, we return to this question of “acciden-
tal” ξ-scaling to provide additional insight.
II. PIECES OF THE PUZZLE
An understanding of the simultaneous display of y and
ξ scaling in the quasi-elastic region requires going beyond
the question that was addressed by Benhar and Liuti [14].
The definitions of y and ξ provide part of the understand-
ing as they lead to a relative shift of data points taken at
different Q2’s, but that can not explain the phenomenon.
The y-scaling function, F (y) is obtained by dividing the
inclusive cross section by the cross section for incoher-
ent electron-nucleon elastic scattering (summed over the
number of protons and neutrons). In the case of the ξ-
scaling function, νW2, only the Mott cross section is di-
vided out. These two cross sections differ by the nucleon
elastic form factor squared, approximately proportional
to 1./(1. + Q2/0.71)4. (See Fig. 1.) This factor is re-
sponsible for an additional Q2-dependence in the case of
quasi-elastic scattering and is not included in a ξ-scaling
analysis. Thus νWA2 should show a pronounced scaling
violation in the quasi-elastic region.
In the limit of extremely large Q2 (once the momen-
tum transfer is much larger than the nucleon mass) the
variable y converges toward (−ξ + 1)m. In this case y
and ξ would become equivalent. Significantly, the differ-
ence in the elementary cross sections does remain at the
q’s of interest and should continue to forbid simultaneous
scaling in terms of y and ξ.
Relation between ξ and y In order to better un-
derstand the difference between y and ξ scaling, we first
discuss the relation between the two variables. Scaling
in terms of ξ involves a study of the nuclear response at
ξ=const, as a function of the momentum transfer. Fig. 1
shows the relation between ξ and y and it can be seen
that for a given value of ξ, y is a pronounced function of
Q2, particularly at the lower momentum transfers.
FIG. 1: Relation between ξ and y as a function of momentum
transfer Q2. The dotted curves (right hand scale) represent
the Q2-dependence of the Mott cross section (upper curve)
and the nucleon form factor squared.
As a consequence, the nuclear DIS scaling function,
νWA2 , at constant value of ξ, includes contributions from
a large range of y values when studied over Q2. The nu-
clear quasi-elastic scaling function F (y) (roughly speak-
ing the probability to find in the nucleus nucleons with
momentum component y parallel to q) depends strongly
on y, as nuclear momentum distributions are a steeply
falling function with increasing |y|. How ξ-scaling ap-
pears in the quasi-elastic region requires an understand-
ing of the behavior of several rapidly varying functions –
σeN (Q
2), σMott(Q
2) and F (y).
III. MODEL STUDIES
In order to understand expose the behavior of the dif-
ferent scaling variables and scaling functions, we made a
study of the nuclear response using a simple model. In
this model, we describe the inclusive nuclear response as
a sum of quasi-elastic scattering, excitation of the nucleon
resonances and DIS on the nucleon.
For quasi-elastic scattering our model is based on
y−scaling at intermediate momentum transfers. F (y) is
determined from the experimental data through
F (y) =
d2σexp
dΩdE′
/σei ·K
where σei is the appropriate combination of neu-
tron and proton elastic cross sections and K =
|q|/
√
m2 + (y + |q|)2 is the Jacobian resulting from the
change of variables. We fit F (y) with the sum of a Gaus-
sian and an exponential function and limit the fit essen-
tially to the y < 0 region. As long as we can neglect
the effect of the nucleon removal energy E (beyond the
3average E¯ which we do take into account) the response
is symmetric about y = 0. The resulting momentum dis-
tribution, n(k) = − 12piy
dF (y)
dy is a good approximation of
what is expected from theoretical calculations of n(k).
For the resonance and DIS regions the neutron and
proton responses have been parameterized by Bodek and
Ritchie [17] by fitting inclusive scattering data on the
nucleon and removing, for the case of the neutron, the
Fermi motion effects occurring in the deuteron structure
function. To calculate the nuclear response, we fold the
nucleonic response of Ref. [17] with the nuclear momen-
tum distribution n(k) determined above.
The sum of these contribution reproduces the experi-
mental nuclear responses quite well. Typical deviations
between model and data are of the order of 20%.
In what follows below we determine νWA2 from the
inclusive cross section σ (both model and experimental)
via
νWA2 (Q
2) = ν ·
σ
σM
[
1 + 2 tan2(θ/2) ·
(
1 + ν2/Q2
1 +R
)]
−1
where σM is the cross section for point like constituents
and the ratio of longitudinal to transverse cross section,
R = σL/σT = (1 + ν
2/Q2)W2/W1 − 1. We take R =
0.32
Q2 . The model cross sections are the sum of the quasi-
elastic and inelastic contributions as described above. We
display in Fig. 2 the model scaling function νW2 for iron
(per nucleon) for six different ξ values as a function of
the momentum transfer along with data from Jefferson
Lab E89-008 [16] and SLAC NE3 [18, 19]. At very large
Q2 ξ = 1 corresponds to the top of the quasi-elastic peak
(y = 0, x = 1) and at lower momentum transfers ξ =
1 maps to increasingly more negative values of y (see
Fig. 1).
From Fig. 2 we see that the sum of the quasi-elastic
response and the combined resonance and DIS contribu-
tions scales better than the combined resonance and DIS
piece alone. The latter falls steeply at low Q2. This
fall-off is, to a large degree, just compensated by the
quasi-elastic contribution. The reduced Q2-dependence
of the sum leads to the approximate ξ-scaling observed
experimentally.
At fixed ξ, increasing Q2 shifts y to less negative val-
ues, where F (y) is larger. At the same time, this increase
in the F (y) is largely offset (for quasielastic scattering)
by the nucleon elastic form factors which fall with in-
creasing Q2. The DIS contribution to νWA2 at fixed ξ
grows with F (y) (n(k)) as Q2 increases but does not suf-
fer from the Q2 dependence of the elastic form factors.
Taken together, these two incongruous behaviors lead to
an approximately constant νWA2 .
While the shift of y with Q2 is of purely kinematical
origin, the decrease of F (y) with larger |y| (the decrease
of n(k) with larger k) depends entirely on the behavior of
the nuclear momentum distribution. The magnitude of
this fall-off is specific to the nucleus under consideration,
although for different nuclei the tails of nuclear momen-
tum distributions at large k are not too different given
FIG. 2: νW2 at fixed values of ξ as a function of Q
2 for iron.
Data from SLAC NE3 and Jefferson Lab E89-008 are plotted
along with the results of the model described in the text.
Dotted lines reflect the quasi-elastic piece, dashed lines the
inelastic and the solid line the sum. The data sets correspond
to ξ = 0.6, 0.75, 0.9, 1.05, 1.2 and 1.35.
the identical origin of these tails, the short-range nucleon-
nucleon correlations. There is, however, no connection
we can discern that relates the physics responsible for
the fall-off of n(k) to the Q2-dependence of the nucleon
form factors and the kinematics that distinguishes ξ from
y. From this observation we conclude that the apparent
ξ-scaling is simply due to how the quasi-elastic piece and
resonance and DIS pieces sum together at fixed ξ and is
largely accidental in character.
This point on the dependence on F (y) (n(k)) is further
emphasized by Fig. 3 which shows our model νW2 for the
deuteron along with data from [16, 20, 21, 22]. In the
corresponding range of y or k (0.3 < k < 0 GeV/c) the
deuteron momentum distribution falls off more quickly
with increasing y (or k) than in heavier nuclei. Accord-
ingly, the approach to ξ-scaling is different: the rapid
fall-off of n(k) actually better compensates the fall-off
of the nucleon form factor with Q2, and leads to signifi-
cantly better scaling in terms of ξ.
IV. CONCLUSIONS
We have studied the experimental observation of ξ-
scaling in electron-nucleus scattering in the region of q, ν
where the cross section would not be expected to scale
as it is dominated quasi-elastic electron-nucleon scatter-
ing. We find that the apparent ξ-scaling comes about be-
cause the quasi-elastic contribution approximately com-
4FIG. 3: νW2 for the deuteron at fixed values of ξ as a function
of Q2. Data from SLAC experiments E101, E133, and NE4
and Jefferson Lab E89-008 are plotted along with the results
of the model described in the text. Dotted lines reflect the
quasi-elastic piece, dashed lines the inelastic and the solid line
the sum.
pensates for the failure of resonance and DIS contribu-
tion at large ξ and low Q2 to scale. The two dominant,
rapidly varying functions distinguishing the behavior of
the nuclear scaling function, νW2, as a function of y and ξ
are the nuclear momentum distribution at low k and the
nucleon form factors at large Q2. As these have no ob-
vious physical connection, we conclude that the appear-
ance of an approximate ξ-scaling at large ξ comes about
accidentally–the two dominant contributions to the in-
clusive cross section behave such that their sum shows a
Q2 independence characteristic of scaling, but separately
they do not.
It remains to be seen whether the concept of duality —
which refers to an average over many resonances rather
than a single one (the nucleon ground state) — can fur-
ther elucidate this accidental ξ-scaling.
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